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Abstract

High order finite difference approximations are derived for the second order wave equation with discontinuous coef-
ficients, on rectangular geometries. The discontinuity is treated by splitting the domain at the discontinuities in a multi
block fashion. Each sub-domain is discretized with compact second derivative summation by parts operators and the
blocks are patched together to a global domain using the projection method. This guarantees a conservative, strictly
stable and high order accurate scheme. The analysis is verified by numerical simulations in one and two spatial
dimensions.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

For wave propagating problems, the computational domain is often large compared to the wavelengths,
which means that waves have to travel long distances during long times. As a result, high order accurate
time marching methods, as well as high order spatially accurate schemes (at least third order) are required.
Such schemes, although they might be G-K-S stable [11] (convergence to the true solution as Ax — 0),
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may exhibit a non-physical growth in time [3], for realistic mesh sizes. It is therefore important to devise
schemes that do not allow a growth in time that is not called for by the differential equation. Such
schemes are called strictly (or time) stable.

In many applications, like general relativity [29], seismology and acoustics, the underlying equations are
systems of second order hyperbolic partial differential equations. However (as pointed out in [15]), with very
few exceptions, the equations are rewritten and solved on first order form. There are three obvious drawbacks
with this approach, namely (i) we double the number of unknowns, (ii) we might introduce spurious
oscillations (due to unresolved features), and (iii) we need twice as many grid points (both in time and in each
of the spatial dimensions) to obtain the same accuracy. The reasons for solving the equations on first order
form are probably due to the fact that computational methods for first order hyperbolic systems are very well
developed, and they are naturally more suited for complex geometries.

For acoustic and electromagnetic wave propagation, staggered grid discretizations are very popular [6,31]
since that avoids (ii) and (iii) above. Note however (again see [15]) that staggering in both time and space is
more or less equivalent to solving the system of equations on second order form. One major disadvantage is
that staggered grids do not have the summation by parts (SBP) property and that can lead to complications at
boundaries and internal interfaces, especially for high order discretizations. To retain high order accuracy for
problems with discontinuities in the coefficients is another concern [12,13,7].

The methods discussed above all solve the equations on first order form. Difference approximations have
previously been derived [15,16,25,1,5] for the second order wave equation, without first writing it as a first
order system. For problems with discontinuous coefficients at most second order accuracy have been recov-
ered [1,5,13].

The second derivative terms have received little attention, especially concerning the stability issues for high
order approximations [2]. Finite difference operators approximating second derivatives and satisfying a sum-
mation by parts rule, have previously been derived [20] for the 4th, 6th and 8th order case, with the emphasis
on strictly stable formulations to mixed hyperbolic—parabolic problems.

One major advantage of using SBP operators [17,18,27] to discretize the equations on a multi block domain
is that we can mimic the boundary and interface terms from the underlying continuous problem. Given the
continuous boundary and interface conditions (i.e., the physics) in combination with the simultaneous approx-
imation term (SAT) method [3,4,21,22] or the projection method [23,24] we can obtain completely analogous
conservation and stability properties as for the underlying partial differential equation (PDE). This should
attract physicists to employ this technique for a range of applications. In general relativity for example, the
SBP operators combined with the SAT technique have now been successfully implemented [8,19] for system
of equations on first order form (in time).

In this paper we will show how a certain class of the recently developed compact and high order accurate
second derivative SBP operators [20] can be combined with the projection method for implementing general
boundary and interface conditions. On piecewise rectangular domains we show that this technique leads to
strictly stable and high order accurate schemes for the wave equation on second order form and discontinuous
media. We will also show that the projection method requires special treatment at corners and block interfaces
in two dimensions.

We focus on geometrically relative simple problems with piecewise constant coefficients and aim for high
accuracy. Typical applications where this technique is appropriate include long range underwater acoustics
(layers of air, water and soil), various seismological problems (layers of rock, water and possibly oil) as
well as electromagnetic problems (wave guides and printed circuit boards). Complex geometries, varying
coefficients and also the problem with absorbing boundary conditions [30,14] will not be addressed in this
paper.

In Section 2 we introduce some definitions and discuss the SBP property for the second derivative. In Sec-
tion 3 we consider the second order wave equation in one dimension (1-D) and show how the projection
method and the SBP operators can be combined to obtain strictly stable schemes for problems with discon-
tinuous coefficients. In Section 4 we consider the two-dimensional (2-D) problem. In Section 5 we describe a
compact and explicit high order accurate time marching method that involves only two time levels. In Section
6, computations are done and in 7 conclusions are drawn. The SBP operators used in the computations are
presented in Appendix II.
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2. Definitions

To describe the SBP property in detail, some definitions are needed. The matrices and vectors

Name Size Non-zero elements

I; (k+1,k+1) (I4),;=1,i=0k

1, (k=1,k+1) (), =1, i=0k-2

IL; (k,k+1) (ILy); 1—171—0k—1 (1)
IR, (k,k+1) (IRy); ; i=0,k—1

n (1k+1) (Uk)o =

I, (Lk+1) (), =

will frequently be used in subsequent sections. We also need the notation
coD -+ cog1D
C®D= : : ,
Ccp10D 0 Ccpoi gD

where C is a p X ¢ matrix and D a m X n matrix. The p X ¢ block matrix C ® D is called a Kronecker product.
There are some useful rules for Kronecker products. In this paper we will use

(4® B)(C® D) = (AC) ® (BD),

(A4oB)" =4" 2B @)

2.1. 1-D domains

Let the inner product for real valued functions u, v € L?[a,b] be defined by (u, v) f u"vdx, and let the cor-
responding norm be ||u|* = (u,u). We also introduce a weighted norm

b
2
Jull?, = / uTuar(x) dr,
a

where o(x) € L*[a,b] is a positive function. The domain (a < x < b) is discretized using N + 1 equidistant grid
points,

xi=a+1ih, i=0,1,...,N, h=

The numerical approximation at grid point x; is denoted v; and the discrete solution vector is
ol = [vg, V1, -.,0n]. We define an inner product for discrete real valued vector-functions u,v e RN by
(u,0);y = u" Hv, where H= H' >0, with a corresponding norm |v||>, = v"Hv.

2.2. 2-D domains

Consider the domain (a < x < b, c <y

d) with an N + 1 x M + 1-points equidistant grid. That is,

xi=a+ih, i=0,1,...,N, h,=

vy =c+ihy j=0,1,...,M, h, =

The numerical approx1mat10n at grid point (x;y,) is denoted v;;. We define a discrete solution vector v =
[uo oo M, where o = [0k.0, V.15 - - - » Uk.az) 18 the solution vector at x; along the y-direction, as illustrated

in Fig. 1.
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Fig. 1. Domain 2-D.

Let the inner product for real valued functions wu,ve€ L’x€[a,b], yec,d]] be defined by
(u,v) = [ ¢ fab u"vdxdy, and let the corresponding norm be ||u|* = (1, ). We also introduce a weighted norm

d b
Jufl2 = / / uTueo(x, ) dxdy,

where w(x,y) € L¥[x € [a,b], y € [c,d]] is a positive function.

We define an inner product for discrete real valued vector-functions u,v € RN""™* by (u,v);; = u" Ho,
where H=(H,® I, )(Iy® H)) = H">0, with a corresponding norm ||v||i, =v"Hv. Here H, and H,
denote the one-dimensional norms in the x- and y-direction, respectively. In order to distinguish (when
necessary) if a difference operator P is working in the x or the y-directions we will use the notations
P, and P,

2.3. SBP property

An SBP operator mimic the behavior of the corresponding continuous operator with respect to the inner
product mentioned above. High order accurate SBP operators for the first derivative has previously been
developed [17,18] and refined [26]. To construct highly accurate and stable approximations of mixed hyper-
bolic—parabolic problems, high order accurate SBP operators for the second derivative were derived in [20],
see also [4]. Before we discuss the SBP property for the second order wave equation it is instructive to first
introduce the less restrictive SBP definition for parabolic problems. Consider the heat equation u, = u,,. Inte-
gration by parts (IBP) leads to

d
& la* = (2t ) + (thees ) = 200t — 2o (3)
The construction (see [20]) of SBP operators D,, approximating 8>/dx> were based on Eq. (3). To fully mimic
the IBP property, we need D, = H'(~DIHD, + BS), where D, is a consistent approximation of 9/dx, S
includes an approximation of the first derivative operator at the boundary, and B = diag(—1,0,...,0,1). By
multiplying the semi-discrete approximation v, = Dv by v" H and by adding the transpose, we obtain

d

dt
Formula (4) is a discrete analog to the IBP formula (3) in the continuous case.

However, it is not necessary to fully mimic the IBP property to obtain an energy estimate for a parabolic
problem. Consider the difference operator H'(—A4 + BS), approximating 8°/0x>. The energy method leads to

d

dr

loll7 = (v, D20) 4 + (D2, 0)y = 20x(Sv)y — 200(S)y = 2| D10 (4)

ll0]7, = 20y (Sv),, — 200(Sv), — 0T (4 + AT )o. (5)
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To obtain an energy estimate it suffices that 4 + AT > 0, assuming that the boundary terms are correctly
implemented.
In [20] we introduced the following definition.

Definition 2.1. A difference operator D, = H '(—4 + BS) approximating 0?/0x” is said to be a second
derivative SBP operator if 4 + AT > 0, if S includes an approximation of the first derivative operator at the
boundary and B = diag(—1,0,...,0,1).

However, as we will show in the following section, hyperbolic second order systems introduce an extra sta-
bility requirement (see Lemma 3.1 and Definition 3.2) on the SBP operator.

3. The projection method in 1-D

In this method developed by Olsson [23], the boundary conditions are introduced via an orthogonal pro-
jection. When the energy method is applied, the projection operator P interacts with the SBP operator to gen-
erate boundary terms that are completely analogous to those of the continuous problem. In this section we
consider the one-dimensional problem. We will also discuss the extra stability requirement for the SBP oper-
ator, when applied to the wave equation on second order form.

3.1. Single domain

An energy estimate for the wave equation on second order form u,, = u,, + F(x,1), x € [0, 1] requires initial
conditions u(x,0) = fi(x), u/{x,0) = f5(x) and appropriate boundary conditions

Liu=ou(0,1) +u,(0,¢) = g,(¢), Lu=pu(l,t)+ul(l,t)=g./). (6)

Remark. Other type of boundary conditions, like Dirichlet and radiation boundary conditions (see for
example [30,14]) can also be used. However, the main focus in this paper is on the interface treatment.

Assuming zero boundary data and forcing function F, the energy method leads to
d 2 2 2 2 _
g Ulell”™ + Naaal[” + B (1, £) — (0, £)) = 0. ()

The problem have an energy estimate if
, B=0. (8)

The discrete boundary conditions corresponding to (6) can be written

<0

Liv= (adly +1IyS)v =g, L'v=(Blry +IryS)v =g, 9)

where v is the discrete solution vector, S is the boundary derivative operator in Definition 2.1, Ily and Iry are
defined in (1). The boundary conditions can be combined to LTv=g(r), where g(¢)=[gd?)g.(1)]" and
L=[L,L,].

The projection method for the wave equation on second order form with the boundary conditions (6), can
formally be written

vy = PDyv + (I — P)ga(t) + PF,
U(0>:ﬁ7 UI(O):f27

where g(7) = [g/1),0,...,0,g,(¢)]", I the identity matrix and P the projection operator, given by

(10)

P=I1—-H'LL"H'L)"'L". (11)

In [24], it is proved that the following holds for the projection P,
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(i) (I =P)(v() —g(t)) = (I = P)(/i — &(0)),
(i) P*=P,

(i) v=Pv+ (I —P)g(t) <= L'v = g(1),
(iv) HP=P'H.

(12)

The first property in (12) means that the solution to (10) will satisfy the BC only if the boundary data and the
initial data are consistent.

When we solve (10) numerically we have to compute the second derivative of g(¢), if we have time depen-
dent boundary data. To avoid this we make the substitution w =v — (I — P)g(¢) and get the following system
of ordinary differential equations (ODE) for w

Wy = PDyw — PD,(I — P)g(t) + PF,

w(0) = fi — (I = P)g(0), w,(0) = 1> — (I —P)&(0).
Thus to solve for v numerically we solve (13) for w and then compute v =w + (I — P)g(¢). In the numerical
examples through out this paper we will consider homogeneous boundary data and forcing function. Strict

stability for non-homogeneous boundary conditions are obtained in a straight forward manner, as shown
in [24].

(13)

Lemma 3.1. The problem (10) with g= 0 and F = 0 have a non-growing solution if D, is an SBP operator with
A= A", and (8) holds.

Proof. If F, g =0 and if D, is an SBP operator, the energy method applied to (10) leads to
vy Hoy + v, Ho, = —(Po) A(v) — (v)" A" (Pv,) — 2(Po,)y(Sv)g + 2(Por) (Sv) y
= —(v) " A(v) — () A" (1)) + 22(v,)gv0 — 2B(v;) y -
In the first step we use the fourth property in (12) together with the SBP property (see Definition 2.1) and in
the last step we use (9) together with the third property. If 4 is symmetric, we obtain
d
ds

This is completely analogous to (7). If (8) holds we have a non-growing energy. [

(v I, + v dv + B3, — aw?) = 0.

Due to Lemma 3.1 we introduce yet another definition (compare with Definition 2.1).

Definition 3.2. A difference operator H !(—A4 + BS) approximating 0°/dx” is said to be a symmetric second
derivative SBP operator if it is an SBP operator and if 4 = A™.

In [20] we constructed compact and symmetric second derivative SBP operators of order 4, 6 and 8. The
second and sixth order accurate operators (presented in Appendix II) have been used for the computations
in Section 6.

3.2. Media interface

We start by deriving the interface conditions for the continuous problem. Consider the wave equation
atw, = (bw,),, xel[-1,1], t=0,

where a,b > 0 are discontinuous at x =0 and ¢ = Vab is the wave propagation speed. Integration by parts
leads to

1 —€ €
/ a 'wyw,dx = ling (/ (bwy) w,dx — / (bwy) W, dx)
-1 e -1 1

= lin(} (waw,|l1 —bwow ", — / bw,w,, dx Jr/ bw,owy, dx)
e 1 1
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To obtain an energy estimate require that w and » w, are continuous across the interface, i.e.,
lim,_o(bw,w,|",) = 0, leading to %(||w,||§,l + [will;) = bw,w;|",. From now on we assume that a and b are
piecewise constant, leading to the following system:

-1
ay uy = biuy,, —1<x<0,

. (14)
az_ Uy = bzlf,m 0 < X < 1,
where a; # a,, by # b,. Continuity at the interface (x = 0) means that
u=uv, blux = bzl)x. (15)

If we use the interface conditions (15) and apply homogeneous Neumann conditions (u#, = 0) at the outer
boundaries the energy method leads to

d
TE=0, (16)

where the energy is defined as
_ 2, - 2 2 2
E = ap[|ul|” + & [odl” + bulluesl|” + ol (17)

We will treat the semi-discrete problem in such a way that we exactly mimic (16).
The projection method for the problem (14) and (15) can formally be written

PA'w, = PDw, (18)

where D = diag(le;l), szér)), w=[u, v]Pand 47! = diag(a;'Iy,,a;'1y,). Here u and v are the solution vectors
corresponding to the left and right domain, respectively. The left and right domain is discretized using (N; + 1)
and (N, + 1) grid points. The left and right boundary points of # and v will be denoted ww L1y and Wrr1rE),
respectively (see Fig. 2).

Remark. We can have different discretizations in the left and right domains. The only requirement for the
stability analysis to hold is that we use symmetric SBP operators (see Definition 3.2) in each of the domains.

The projection operator is given by (11), where H = diag(H"”, H") and the boundary operator have three
parts

L = [LyLyL], (19)

where L;,;, L;, are the left and right boundary operators and L; the interface operator approximating (15). To
help define the total boundary operator (making use of (1)) we introduce

Ll = [1y,SY), LT = [y, 8], (20)
corresponding to the left and right boundary and

Interface
| Y w LN ¢ RN NE
u \4
— | = 53]
E al b 1 — | & a2 b2 ~
W Ls RS SE
X

Fig. 2. Domain 2-D media discontinuity.
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LY = [bidry, SV Iry,], LY = [bolly, SV 11y,], (21)

corresponding to the left and right interface. Here the semicolon ; means row separation in a matrix (MAT-
LAB notation, for those familiar with that). For example, LT u = (S"u), ~ (1), i.¢., a difference approxima-
tion of the left boundary derivative. The boundary and interface operators are given by

Lgl = [L;FLOT]v L;Jrr = [L({L:r]v L;r = [L}; - L;rr]’ (22)

where L; is a zero vector of appropriate dimension.
If we multiply (18) by w/H we obtain

wlHPA™'w, — wI HPDw = w'HA 'w, — w HDw = 0

by using the third and fourth properties in (11). By adding the transpose we obtain an energy estimate (not
shown here) completely analogous to (16), assuming that ng are symmetric SBP operators (see Definition
3.2) based on diagonal norms (which is true for the operators used in this paper, sce Appendix II). How-
ever, to obtain a well-defined left hand side for the ODE system (18) requires that PA 'w, =
A" 'Pw,(=A""w,), since P is singular. Hence, in order to solve (18), it is necessary that the following con-
dition holds:

PA =47"P. (23)

For a general P this expresses a compatibility condition between the analytic interface conditions (15) and the
coefficient a~!. For the problem (14) and (15), P is given by (11) and (19). Condition (23) certainly holds if a
is constant in a neighborhood of x = 0, such that diag(4 ') is constant at the r + 1 number of grid-points used
by the boundary derivative operators S (see Appendix II). In this paper (23) does not hold since ¢~ is dis-
continuous at the interface.

Remark. A strictly stable overall discretization (considering both time and space discretization) requires (23)
to hold. By computing the eigenvalues to the semi-discrete approximation (18) under the false assumption
that (23) holds, we found that we do obtain strictly stable approximations for the 2nd and 6th order
discretizations even with a variable a ', discontinuous at the interface. However, we also found examples
where the corresponding 8th order approximation leads to an unstable approximation using (18) and a

discontinuous a~'.

To avoid the compatibility condition (23) we will transform the original continuous problem (14), (15) and
derive an estimate for the transformed problem that will lead to a discrete energy estimate. We then transform
back to the original problem. Consider the continuous problem:

iy = c%z)xx, -1 <x<0,
P 2 (24)
Uy = Cly, 0<x <1,
where we introduce the notation ¢, = aiby, kK = 1,2. We introduce a modified energy (compare with (17))
4 ~ 112 ~ 112 ~ 112 ~ 12
E = [la " + 15" + tllal” + e o] (25)
The energy method on (24) leads to
&E = G|’ — Ao,

The following condition: c?it,it, = 30,7, at x = 0, is required to obtain an energy estimate. We consider (15),
i.e., # = v and byii, = b,0, to be the correct interface conditions (considering the physics). However, applying
(15) for the energy (25) does not lead to a energy estimate (since the right hand side is indefinite).

By introducing the scaling (and assuming piecewise constant coefficients)

u=J/ais, v=/ab (26)

into the original problem (14) and (15), we obtain (24) and the modified interface conditions

Jari = Jait,  bi\/atii, = by /. (27)
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With homogeneous Neumann boundary conditions, the modified continuous problem (24) and (27) leads to
the energy estimate

d ~
TE=o. (28)

The estimate (28) is completely analogous to (16), i.e., the modified energy (25) transforms to (17). This can be
seen by using (26) to transform back to the original set of variables. The projection method applied to the
modified problem (24) and (27) leads to

Wy = PDw, (29)
where D = diag(c%Dgl), c%Dér)) and w = [, 7]". The modified projection operator P is given by (11) and (19)

where now (instead of (21))

L) = [bivailry, SV Jaillry,], L} = [by/axllly,S"; JaxIlly,). (30)
We introduce a discrete analog to (17), given by

Ey = a;|ul o + a5 vl yor + bru"AVu + byw" 4. (31)

Lemma 3.3. If ng are symmetric second derivative SBP operators, (29) is a strictly stable approximation to
(14).

Proof. The energy method on (29) leads to
W Hiv, + iy Hw, + (Pw,) " A(W) + (w)A" (Pib,)
= Z(ﬁfv,)(ﬁfv) = _26%(ﬁﬂ}f)(LW) (Sw) ww) T 252(13V~Vt) LI)(S~)(LI)
- 205(?{‘%)(111) (SVNV) RI) +202(Pwt)(RE)(S )(RE =0,

where H = diag(H", H"), 4 = diag(c34"),34"), B = diag(B",B") and S = diag(c?S"", c}S")). The left and
right boundary points of # and v are denoted by Www 1) and Wi rg), respectively (see Fig. 2). In the first step
we use the fourth property in (12) and in the second step we use the SBP property (see Definition 2.1). In the
last step we utilize the fact that we apply (through the projection) homogenous Neumann BC and the interface
conditions (27) via the third property in (12), i.e., ¢2(Pw,) wn(SW) oy = cz(Pw,) RD) (SW) r1y» , (P, ®E) (SW) (RE) =
0 and (Pw,) Lw) (SW) Lw) = 0.

If A" are symmetrlc we obtain the following energy estimate:

d
&EH = 07

by utilizing (26) to go back to the original set of variables. The energy is defined in (31). This estimate is com-
pletely analogous to (16), which means that (29) is a strictly stable approximation. [

Remark. We have not found a way around the compatibility condition (23), except for the case of piecewise

constant coefficients. One way around the restriction to piecewise constant coefficients, i.e., condition (23), is
to utilize the SAT method at the interface. This will be pursued in a coming paper.

4. The projection method in 2-D

We extend the analysis to two-dimensional, rectangular domains and show that the projection method
requires special treatment at corners.
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4.1. Single domain

Consider the two-dimensional wave equation

a 'y = b(uw +uy), -1<x<1, 0<y<l,
ux:()a X:—l,l, Og}’gl, (32)
u, =0, —-1<x<1, y=0,1.

To simplify notation in this section we set a = b = 1. The energy method leads to
d
a(IIu,||2+ e |* + s ) = 0. (33)

A semi-discrete approximation to (32) using the Projection method can formally be written
vy = P((D2), @ Iy + Iy ® (Dy) )1, (34)

where we have simplified the notation by using the Kronecker product introduced in Section 2. The projection
operator is given by (11) where the norm is defined as H = (H, ® I/)(Iy ® H,) and I = Iy ® I),. The presence
of corners introduce a complication, when Neumann boundary conditions are used. Consider the boundary
operator

L=[Lw Ly Lp Ls]€ RVt (35)

with contributions from the four sides (west, north, east and south), where L&, = L,T ® Ly, LE, =1y ®LrT,
Ly =L'®1ly, Li =Iy®L], and L], are defined in (20). By using the notation from Section 2 (see also
Fig. 1) the boundary operators at the four sides are defined through

Lgv = (Sv)g = (Sv),, =0, i=0,...,N,

L&,U:(SU)W:(SU)OJ:O, j=0,...,M,

Liv = (Sv)y = (Sv),,, =0, i=0,...,N,

LEUz(SU)E:(Sv)N‘j:O, j=0,....M.

The boundary condition LTv=0 (including all boundary points) imply that two boundary conditions are pre-
scribed at each of the four corners, see Fig. 1.

Remark. A well-defined projection operator P requires a boundary operator L that (i) covers all boundary
points, and (ii) have full rank, i.e., no linear dependence.

The total number of prescribed boundary conditions in (35) are 2(N + 1) + 2(M + 1). Thus, the projection
operator is well defined iff rank(L) = 2(N + M + 2). However, in [24] it is shown that L constructed in this
way is linearly dependent, and that the corner points requires special treatment.

In the following lemma we make use of the point-wise boundary operators ((Ls);, (Lw); (Ln); and (Lg)))
defined through

(Lgv)i = (8v), 4, (L\Tvv)i = (SU)O.jv (LEJ”)i = (S0), 5 (LEU)_I‘ = (SU)N‘/'

fori=0,...,N,j=0,..., M, where

1 M
(Lg)lz— [0026}6}001,
h k=0

Y

1
(LTV;/)j = h_[SOeJT . 7SNEJTO...()]7

1 1 &
(LL)]:;[OO—h— ZSM_/(QZO...O‘|,

Y k=0
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1
(LE)I. = W [0.. .OsNejT . ,soejT] (36)
and {e;} is a canonical basis in RV For example,
1

(Lg), = W [s0s1...540...0] € RVMHDVHD
y

1
u@%:;mu“mmmommu”mekwwwm”

X

are the boundary operators in the y- and x-direction, respectively, at grid-point (0,0), i.e., at SW in Fig. 1.

Remark. Note that s, =0, for k> r+ 1, where r + 1 is the number of grid points defining the boundary
derivative S. For the sixth order approximation r = 4, see Appendix II.

To have a well-defined projection (11), it is necessary to reduce the number of boundary conditions to one
at each corner. We follow the procedure in [24] and construct a new boundary operator by forming linear
combinations (see Fig. 1)

ng =(1- ﬂsw)(Lg)o + ’ISW(L\TV)Oa LLW =(1- nNW)(LL)O + ”NW(L\TV)N»
Lyg = (1 = nwg) (LY)y + mxe(Lg)ys Lsp = (1 — ngp) (Lg)y + 1se(LE)os

where 0 < #sw, Inw» INE> s < 1. The final boundary operator is given by
L=[Ls Ly ILx Lg Lsw Lnw ILxg Lsg] € RWVFDXUHIANEM), (37)

The modified side operators are given by
Li=1y®L, Ly=L &Iy, Lyi=I1IyxL, LL=LI'aIl,y,

thus excluding the corner points, see (1). The total number of boundary conditions are now reduced to
2(N+ M), and equals the total number of boundary points. The following lemma shows how to
obtain a well-defined boundary operator for a two-dimensional problem with Neumann boundary
conditions.

Lemma 4.1. The columns of L in (37) are linearly independent and Rank(L) = 2(N + M), leading to a well-
defined projection, iff N w, Isg 7 hflTiu

The proof is given in Appendix 1.
We are now ready to tie everything together in the following proposition.

Proposition 4.2. The semi-discrete approximation (34) is strictly stable if D, is a symmetric SBP operator (see
Definition 3.2), the boundary operator is given by (37) and nyw, Hsg 7 hhﬁ

Proof. The energy method applied to (34) yields
d X X v X, X
dr (ol + 0" (HY @ Ao + 0T (4% @ HO)v) = (Po,) iy, H™ () () — (Por) (5)H (Sv) 5,
+ (PUt)(TE)H(y) (SU)(E) - (PUt)(TW)H(y) (SU)W) =0,

where v sEgw) symbolizes the boundary vectors at the north, south, east and west boundaries,
respectively, see Fig. 1. In the first step we use the fourth property in (12) and the symmetric SBP property
(see Definition 3.2). In the last step we utilize the fact that we apply (through the projection) homogenous
Neumann BC, together with the third property in (12), i.e., (Pv[)}N,S)H ) (Sv)ngs) =0 and (Pl’t)(Tw,E>
HY) (Sv)(W.E) =0.

Hence, if D, is a symmetric SBP operator and if the boundary operator (37) is well defined, i.e., if
nNws ISE 7 hhTh} as shown in Lemma 4.1, we obtain an energy estimate completely analogous to (33). This

means that (34) is a strictly stable approximation to (32). O
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4.2. Media interface

Consider the wave equation
al—lu,,:bl(um—i—u}y), x € [-1,0],y €]0,1], (38)
az_lvtt:bz(vxx"l‘vyy)a X € [0,4—1],)/6 [07 1]

on two different media b # b, and a; # a, (see Fig. 2) with the interface conditions given by (15) and
Neumann boundary conditions. The energy method leads to

d, _ .
3 (@ el + @ ol + b (el -+l ) + bl + [loy%)) = 0. (39)

The semi-discrete approximation (again utilizing the transformation (26)) using the projection method, can
formally be written

wy = P(D, + Dy)w, (40)
where w = [i,7]", D, = diag(¢3D\" @ I,;, 2DY @ 1),) and D, = diag(ly, ® DY, Iy, @ DY’). To simplify
notation in this section we skip the tilde signs over w and P.

The projection operator is given by (11), where H = diag(H\" ® I,;, H" ® I,;) x diag(ly, ® Hy) Ay, ® H;"))
and the boundary operator

L= [LLS LSW LLW LNW LLN LRN LNE LRE LSE LRS L[ }
The side operators are defined as:

Lig =Ly, ® L]Ly), Liy =L ® IyLg], Lix =Ly, ® L Lg],

Loy = LRy ®17), LL, = LT © M), Ll = [L1Ry, L])
complemented with the corner treatment (see Lemma 4.1):

ng = (1 = nsw)[lly, ® LlTLg] + ”Isw[LzT ® HMLg]a

L§W = (1 — maw)llly, ® LrTLoT} + UNW[LzT ®I’”ML0T]7

Lgg = (1 = nse)[Lo Iy, ® L] + nsg[Lo L) © 1],

LlI:IE =(1- "NE)[LOT[’”N,- ®LrT] + nNE[LOTL;T ® Iry].

Here we have utilized the Kronecker product and the one-dimensional boundary operators (20). L; is a zero
vector of appropriate dimension and the interface operator is given by

L =L}, — L] ® 1y, (41)
where L], and L] are given by (30).

Remark. To obtain a well-defined boundary operator L we must not specify to many boundary conditions at
the four corners, as described in the previous section. We must also avoid to over specify at the locations (here
two) where the interface meets the outer boundaries. There are several ways to accomplish this. Here we
simply specify the outer boundary conditions at the two locations. Another well defined choice is to specify a
linear combination between the interface and the boundary conditions.

The energy method applied to (40) leads to

d ~ P ~ ~ ~ ~ = r ")\ = r )\ 7

35 (el + 30 + @ (H @AM+ a" (4P @ HD)i) + (5" (HY @ A7)+ "4 @ H)p)) =0,
where we make use of the fourth property in (12) and the symmetric SBP property (see Definition 3.2). We also
utilize the fact that we apply (through the projection) homogenous Neumann BC and the interface conditions
(27), together with the third property in (12), i.e., that the boundary and interface terms cancel or become zero.
By utilizing (26) to go back to the original set of variables, we obtain
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X 10_14 Eigenvalues, 2nd order case X 10_14 Eigenvalues, 6th order case
2 5 .
1t »
*
i
g O % o ok ek g 0 p= . B
*
-1 r *
* *
) ; ; ; ; H ; ; H -5 ; ; ; ; H ; ; ; ;
-8 -7 6 -5 -4 -3 -2 -1 0 1 -18 -16 -14 -12 -10 -8 -6 -4 -2 01
Re Re

Fig. 3. The eigenvalues to M for the 2nd and 6th order discretizations (40), respectively, with a; =b; =1, a» = b> =0.6. N =2 x 142,

d X ) X V y X
= (@ Nl + 3" el + b1 () @ AP Y4 " (47 © HY ) + 207 (HY @ 4L Yo 40" (42 @ HY o) ) =0,

dt
(42)
which is completely analogous to (39). This means that (40) is a strictly stable approximation.
Consider the ODE system w,, = Mw, with the general solution

N
w = Z o eXp \/Ejt,
k=0

where f; are the eigenvalues to the matrix M and «; the corresponding eigenvectors. If any of the eigenvalues
have an imaginary and/or a positive real part we obtain exponential time-growth. The energy estimate (42)
shows that the energy (and thus the solution) is bounded and that the eigenvalues to the operator P(D, + D))
in (40) must be non-positive and real. This can be verified numerically by computing the eigenvalues to
WP(D, +D,) = M. The result for the 2nd and 6th order discretizations of (40) with a; =h; =1 and
a» = b, = 0.6 are shown in Fig. 3.

5. Time integration

By combining symmetric second derivative SBP operators and the projection method, to implement the
boundary and interface conditions (see for example (13), (29), (34) and (40)) we obtain an ODE system (with
N unknowns):

wy = Mw + G(1),

w(0) = fi, wi(0) =/
for the discrete solution vector w. Note that this form cannot be obtained by using the original formulation
(18), since that requires (23) to hold. In Sections 3 and 4 we have shown that the matrix M have non-positive

and real eigenvalues (a necessary stability condition) by utilizing the energy method.
To construct a compact and explicit high order accurate time marching method we start by introducing

2 4
K K
12"~ 360

where (D D_)" is the central second order scheme in time, k the time step, and ¢, = nk, n=0,1,... By using
(43) and Taylor expansions we can obtain a second order explicit time discretization:

w® = fi, wb = fi + kf, +J?2,
w20 LoD — 2™+ GV =1,
where [, = (k*/2)G, at t =0, and 6§”> =kG, att=1,.

(43)

Wgtn) = (D+D—)tw(n) Wgtr;t)n + @<k6)7
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A 6th order explicit time discretization is given by:

K K K Kt .
w? =7, wl= (IN +—M+—M2>f1 +k(IN +—M+—M2>fz + fs,

2 24 6 120
K K ~
w D — 2 ) = kzM(IN + EM +%M2)w(”> +GY, n=1,...
where
N S K K K
fo= SG+e G+ ﬁ(MG+ Gu) + m(MG, + Gu) +m(M2G + MG, +Gyuy), t=0
and
~ ) 5 k4 k6 X
G’ =k G+§(MG+ Gy) +%(M G+ MG, + Guy), t=t,
The time marching method can formally be written
(n+1) _ (n) (n
wint :|:Cp IN:| w n GI(]) Coa=1....
W(n) IN ON W(nfl) ON
where Oy is a zero N X N-matrix and
~ ~ o(z ~ 064 ~
C,=a’M +2Iy, C¢=o*M <1N + ﬁM + ﬁMz) + 21y (44)

for the 2nd and 6th order time discretizations, respectively. The CFL number is defined as

_ _ 2, 32
o= W ha =/ (h; +1))/2
and M = hiM is the undivided operator. The stability requirement for the overall discretization is given by
p(Ca6) < 2, where the symbol p denotes the spectral radius. By utilizing (44) we obtain the following CFL
conditions

for the 2nd and 6th order time discretizations, respectively. By performing numerical simulations we found
that the above estimates are sharp. Note that p(M) is independent of N, but problem dependent.

For the one-dimensional problem (29) (with a@; = b, =1 and a, = b, = 0.6) we obtain p(M,) = 4.00 and
p(M¢) = 10.76 for the 2nd and 6th order spatial operators, respectively. For the two-dimensional problem
(40) we obtain p(M,) = 7.83 and p(M¢) = 17.69, see Fig. 3.

6. Computations
6.1. Efficiency

To test the convergence rate for the discretizations of (14), (38), and Neumann boundary conditions, we
choose an analytic solution

v = cos(wacat) cos(wax), x€10,1], ¢ = 0, wy=(2m+ Dn, ¢ =c¢ W
%]

u = cos(wicit)cos(wix), xe€[-1,0], t =0, wi=_2n+1)n, mnelZ,
0
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The convergence rate is calculated as

—1lo ||W_W(hl)||h o h
q €10 4||w—w("2)||h 1o h)

where w is the analytic solution and w”") the corresponding numerical solution with grid size A;.
lw —w)||, is the L-error. A convergence study is shown in Table 1, comparing the 2nd and the 6th order
discretizations (both time and space) with a; = b; =1, a = b, = 0.6, n =1 and m = 2. The 6th order discret-
ization have a 3rd order accurate boundary closure. This leads to 5th order global accuracy, since we gain
two orders of accuracy (see [28,20]) for second derivatives. The CFL conditions for the 2nd and 6th order
discretizations are given by 0.71 and 0.47, respectively. By analyzing the discretization error we found that
the spatial discretization error dominate for moderate grid resolutions (N < 2 x 200%) and time integrations
( <1000). The conclusion is that the second order time discretization is sufficient for the applications con-
sidered in this paper.

To evaluate the efficiency of the higher order discretization we compared the number of unknowns N, ¢ for
the 2nd and 6th order case, respectively, to obtain a solution with an L-error less than 0.001 after r =1, 1 = 10
and ¢ = 30. The efficiency for a d-dimensional problem is defined as the fraction between the total number of
3Nq,
account the slightly different CFL conditions for the 2nd and 6th order spatial discretizations, denoted by
op and o, respectively. Hence, a value E, over one is in favor of the higher order discretization. The results
are shown in Table 2. We clearly see an increase in E; for high dimensions and long time integrations. For
even lower values of the error tolerance, the gain would be even higher.

operations for the second as compared to the 6th order discretization, i.e., E; = . Here we take into

6.2. Application

As an illustration we consider the two-dimensional wave equation (with ¢; =1, ¢; = 0.5 and Neumann
boundary conditions) on the 9-block domain shown in Fig. 4. To test the accuracy of the interface treat-
ment we performed a convergence study, shown in Table 3, comparing the 2nd and the 6th order discret-
izations. The solutions on the two coarsest grids are poorly resolved for both discretizations, which explains
the low convergence rate for the sixth order case in the second row. According to theory we should obtain
S5th order convergence for the 6th order case (as mentioned above). To obtain a confident measure on the
rate of convergence requires (i) a fairly grid-converged reference solution, and (ii) solutions far from grid-
convergence. The solution using the 6th order discretization on the (3 x 97)* grid (used in Table 3) does not
meet the second requirement, which could explain the slightly lower (than five) rate of convergence. As ini-
tial data we specify a Gaussian pulse, centered at (x,y) =(—1.5,—1.5) (see Fig. 4), away from any bound-
aries or interfaces. The solution is then advanced and recorded at =1 (see Fig. 5), when the pulse have

Table 1

log(/>-error) and convergence, comparing the 6th to the 2nd order discretization, with a; =b; =1, a = b, =0.6

N lgﬁth) q(Gth) ngnd) q(an)
2 %267 -0.72 -0.33

2x51% —2.15 4.89 —-1.21 3.01
2x 1012 —3.64 5.02 —2.09 2.96
2x201° —5.14 5.03 —-2.94 2.84
Table 2

Efficiency measurement, comparing the 6th to the 2nd order discretization

Time N N E, E, E;
t=1 43 111 0.66 1.71 4.42
t=10 64 290 1.17 5.28 23.9
t=130 95 570 1.54 9.26 55.5

N, in each dimension. a; =b; =1, a, = b, =0.6.
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y
c | ¢l ¢
C C, C
¢ | ¢ | ¢

3 4

Initial data, Gaussian

Fig. 4. Computational domain and initial solution, a Gaussian pulse.

Table 3

log(lr-error) and convergence, comparing the 6th to the 2nd order discretization, with by =c¢; =1, b, =¢, =0.5

N l(z(nh) q(sm) 1(22nd) q(2nd)
(3% 13)? —1.69 - —1.80 -
(3x25) -3.09 2.85 -2.52 1.51
(3 x 49) —4.46 4.71 -3.20 2.40
(3%97) -5.17 4.56 -3.83 2.25

5th order case, t=1

Fig. 5. Solution at =1 and ¢ = 3. 6th order discretization and N = (3 x 97)* unknowns.

35
3

-2 -1 0 1 2 3
X

5th order case, t=3

reached the lower left corner of the interface. At =1 the pulse have not yet influenced the outer bound-
aries. As a reference solution we use the 6th order accurate solution computed on a grid with (3 x 385)>

unknowns.

The solutions at = 1 and # = 3 using N = (3 x 97)* unknowns and the 6th order discretization are shown in
Fig. 5. In Fig. 6 the solution at ¢ = 10 is shown from two different perspectives. In Fig. 7 the errors at t = 10
are plotted, comparing the 2nd and 6th order discretizations. We use the 6th order solution on the (3 x 385)?
grid as a reference solution. The discrete /, error for the 2nd and 6th order discretizations are 0.0123 and

0.00138, respectively.
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5th order case, t=10 5th order case, t= 10

"
%

Fig. 6. Solution at ¢ = 10. 6th order discretization. Two different views.

&

Error, 5th order case, t = 10 Error, 2nd order case, t= 10

3 x 10
8
2 7
. 6
5
> 0 4
=] 3
2
2
1
EEEEEE 0 1 2 3
X X

Fig. 7. The error at t = 10, comparing the 6th and 2nd order discretization.

As a last illustration we consider another problem on the 9-block domain. This time we initiate with planar
waves going in the x-direction, see Fig. 8, where the solution at t = 10 is also shown. The solutions at = 1 and
t =3 are shown in Fig. 9. The slowdown of the wave speed in the center block is clearly seen.

Initial data, planar waves 5th order case, t =10

Fig. 8. Initial data, planar waves and the solution at = 10. 6th order discretization. N = (3 X 97)? unknowns.
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5th order case, t=1 5th order case, t=3
3

.E;a
(b)

Fig. 9. Solution (initiated with planar waves) at =1 and ¢ = 3. 6th order discretization and N = (3 x 97)> unknowns. (a) Re = 330;
(b) Re =0

-2 -1 0 1 2 3
X

7. Conclusions and future work

Strictly stable and high order accurate finite difference schemes for the wave equation on second order form
and discontinuous media are derived. A certain class of the recently developed compact second derivative SBP
operators have been combined with the projection method for implementing boundary and interface condi-
tions. We have shown that the projection method requires special treatment at corners and block interfaces
in two dimensions to be well defined. The efficiency and high order accuracy of this method is verified by
numerical simulations in one and two dimensions.

The methodology is so far restricted to rectangular geometries and piecewise constant coefficients. The
extension to complex geometries and variable wave speeds can be done by using a hybrid technique like
the one proposed in [9,10], where an unstructured finite volume method is combined (using the SAT method)
with a high order finite difference method. This will be pursued in a coming paper.

Appendix I

Proof of Lemma 4.1. To investigate linear dependence we study

N-1 N-1 N-1
ZOC, Ls), +Zﬁ Ly); +Zﬂj L), +ZV, Lg), + aLsw + BLnw + 0Lng + 7Lsg = 0,
J=1 J=1 J=1 Jj=1

where we let M = N. This is equivalent to the following two systems of equations

1
Zﬁkek h Z%{ek + 0‘( h’lsw Z Skex +Vlh—S0€0> +ﬁ< han ZSN ker + ’7h S0€N>

Yo k=0
+y Il N3 zstHek _INEG e ) 46 T—nse S s - NsE —0 (45)
hy, hy hy = hy
and
N-1 N—
S SN—j
h ;ﬁkek h kZ::Vkek + = , kz;Skek ——y kz():SN K€k +Wlswh_90
s; — - :
+ﬁ’lehfjeN—V”lNETeN—U”ISET€0:0, j=1...N—-1 (46)

The first component (that corresponds to sgeg) in (45) leads to

(e (1 = ngw) + hynsw)so + a(h(1 = ngg) — hynsg)so = 0
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and there are only two non-trivial solutions

. hy . he(1 = nsg) — hynse

) ne = , (i) a=o0 - )
@) e hy + by ) he(1 = nsw) + hynsw

since 0 < nsw, sg, < 1 and so # 0 for any SBP operator. The second solution violates (46) and must be dis-
carded. Hence, g # 725 implies o = o = 0. The last component (that corresponds to soey) in (45) leads to

B(—he(1 — naw) + hy’?NW)SO — p(he(1 = nng) + Aying)so = 0

and again there are only two non-trivial solutions

h h (1 — h
. (i) y=-p (1 — 1aw) + ,v’?Nw7
he + hy he(1 = nxg) + Mg

and again only the first solution is valid. If 7y 7é h o necessarily f =y = 0. From the remaining components
in (45) we then obtain f;, y,=0, j=1,. —'1. This in turn, by utilizing (46) implies that o,
0;=0,j=1,...,N —1. The columns of L are thus linearly independent iff yywisg 7 2 P i.e., L has full
rank. [ '

1) nw =

Appendix II. Symmetric second derivative SBP operators

We now present the specific form of the symmetric SBP operators used in the analysis. We consider the 2nd
and 6th order accurate discretizations.

Appendix I1.1. Second order symmetric SBP operator

The discrete norm is given by H = hdlag( ..., 1,2) The discrete second order accurate symmetric SBP
2
operator D> = H '(—A + BS) approximating 4 4z and the boundary derlvatlve operator S are given by,

1 -2 1 (-2 2 -1
1 -2 1 1
1 1
DZZP 5 S:Z
I -2 1 1
1 21 I

Appendix I1.2. Sixth order symmetric SBP operator

43200 7 8640 * 4320 7 4320 2 8640 432007
H '(—4+ BS) approx1matmg dx7 The 1nter10r stencil is the standard

13649 12013 2711 5359 7877 43801 1
’

The discrete norm is given by H = hd1ag( . ) and the discrete sixth order

accurate symmetric SBP operator D, =

sixth order accurate central scheme 4> (Dyv); = 303 — V2 + 30 — U 3041 — 35Uz + 95 Vjea. At the
boundary the operator becomes:
114170 438107 336409 276997 3747 21035 0 0 0 0
30947 54506 40947 81804 13649 163788
6173 2066 3283 303 2111 601
s s Tss "3 s —ams O 0 0 0
52391 134603 _ 21982 112915 _ 46969 30409 0 0 0 0
81330 32532 2711 16266 16266 54220
68603 12423 112915 75934 53369 54899 48 0 0 0
1 | 321540 10718 32054 16077 21436 160770 35359
D2=—| 7053 6551  _ 46969 53369  _ 87904 820271 1296 96 0 0
h 39385 94524 23631 15754 23631 472600 7871 T
21035 _ 24641 30409  _ 54899 820271  _ 117600 64800 480 480 ()
525612 131403 87602 131403 525612 43801 43801 43801 23801
0 0 0 1o 3 3 s 3 3L
90 20 18 20 90
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and the boundary derivative operator S of 4th order accuracy:

=

FN-

W
w
|
N

(5
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